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2 Grothendieck local duality
$\mathbb{C}^{n}$ $O$ $X$ $f(x)$ ,
. $X$ $\mathcal{O}_{X}$ ,
OX, . $f(x)$ $\frac{\partial}{\partial x}L\mathit{1}$(x) , $\frac{\partial f}{\partial x_{2}}(x),$ $\ldots,$ $\frac{\partial f}{\partial x_{n}}(x)$ $\mathcal{O}_{X,O}$
$\mathrm{I}o$ . $O$ $n[O]$ $(\mathcal{O}_{X})$
, $\mathrm{I}_{O}$ annihilate , $f$ .
$\prime \mathcal{H}_{f}=\{\eta\in \mathcal{H}_{[O]}^{n}(\mathcal{O}_{X})|\frac{\partial f}{\partial x_{1}}(x)\eta=\frac{\partial f}{\partial x_{2}}(x)\eta=\cdots=\frac{\partial f}{\partial x_{n}}(x)\eta=0\}$




, $\mathcal{O}_{X,O}/\mathrm{I}o$ $f$ pairing, , Grothendieck residue
pairing
${\rm Res}_{O}(, )$ : $\mathcal{O}_{X,O}/\mathrm{I}_{O}\mathrm{x}H_{f}’arrow \mathbb{C}$
. , , $dx=dx_{1}\Lambda dx_{2}\Lambda\cdots$ \wedge dx
, $\uparrow\{f$ $\mathcal{H}_{f}\otimes\Omega_{X,O}^{n}$ .
, $\mathcal{H}_{f}$ , Residue pairing
.
21 $p(x)\in \mathcal{O}_{X,O}$ . ,
${\rm Res}_{O}(p(x), \eta)=0,$ $\forall\eta\in 7\{_{f}$
, $p(x)\in \mathrm{I}_{O}$ .
$\mathcal{H}_{f}$ , $\mathrm{I}_{O}$ .
, $\mathcal{H}_{[O]}^{n}(\mathcal{O}_{X})$ ,
, $\hat{\mathcal{O}}x,\mathit{0}$ , $\mathcal{O}x,\mathit{0}$
$\mathcal{H}_{O}^{n}(\mathcal{O}_{X})$ . , $p(x)$
, .
, $\prime H_{f}$ $\eta_{1},$ $\eta_{2},$ $\ldots,$ $\eta_{\mu}$ , $p(x)\in \mathrm{I}_{O}$
,
${\rm Res}_{O}(p(x), \eta_{i})=0,$ $i=1,2,$ $\ldots,$ $\mu$
. , Grothendieck loca residue
${\rm Res}_{O}(p(x), \eta)={\rm Res}_{O}(p(x)\eta dx)$
, $p(x)$ . , 2.1 ,
, $p(x)$ $\mu$
.
3 Algebraic local cohomology
, , $U_{i}=\{x\in X|x_{\mathrm{i}}\neq 0\},$ $\mathrm{i}=\hat{[perp]},$ $2,$ $\ldots,$ $n$
$X$ $\{U_{1}, U_{2}, \ldots, U_{n}, X\}1$ relative $\check{\mathrm{C}}\mathrm{e}\mathrm{c}\mathrm{h}$ cohomology
. , g\neq E $\overline{x^{\lambda}}$ relative
$\check{\mathrm{C}}\mathrm{e}\mathrm{c}\mathrm{h}$ cohomology
$H_{[O]}^{n}(\mathcal{O}_{X})$
$-\backslash \star \mathrm{H}’$ $-:\dagger \mathrm{F}$ , $[ \frac{1}{x^{\lambda}}]\in H_{[O]}^{n}(\mathcal{O}_{X})$
( , $\lambda\in \mathbb{N}^{n}$). ,
$\eta\in H_{[O]}^{n}(\mathcal{O}_{X})$ , $\sum_{\lambda}c_{\lambda}[\frac{1}{x^{\lambda}}]$ $i\partial^{\grave{\grave{\mathrm{Y}}}}\mathrm{f}\mathrm{f}\mathrm{l}$ .
128
, $H_{[O]}^{n}(\mathcal{O}_{X})$ , $\mathcal{O}x$
$\mathcal{O}_{X}\mathrm{x}H_{[O]}^{n}(\mathcal{O}_{X})arrow H_{\mathrm{f}^{O}\mathrm{J}}^{n}(\mathcal{O}_{X})$
$\backslash \grave{l}\grave{f}\vec{\prime\underline{E_{\backslash }?}\backslash }$ . $\grave{\mathrm{x}}_{-}l\ovalbox{\tt\small REJECT}^{\backslash }$ , – $[ \frac{1}{x^{\lambda}}]$ $x^{\kappa}$ ,
$x^{\kappa}[ \frac{1}{x^{\lambda}}]=\{$
$[ \frac{1}{x^{\lambda-l\mathrm{t}}}]$ $\lambda>\kappa$ ,
0 otherwise.
. , $\lambda>\kappa$ $\lambda=(l_{1}, l_{2}, \ldots, l_{n}),$ $\kappa=(k_{1}, k_{2}, \ldots, k_{n})$ , $\mathrm{i}=1,2,$ $\ldots n$)
$l_{i}>k_{i}$ .
, , relative $\check{\mathrm{C}}$ech
cohomology .
1 E7 $\neq^{\mathrm{B}\exists}d\backslash \backslash \mathrm{r}.\Xi.$ $\hat{j\mathrm{E}}\#^{\backslash }\Rightarrow$ $f(x, y)=x^{3}+xy^{3}$ . $\frac{\partial f}{\partial x}=3x^{2}+y^{3},$ $\frac{\partial f}{\partial y}=3xy^{2}$
,
$[ \frac{1}{xy}],$ $[ \frac{1}{xy^{2}}],$ $[ \frac{1}{x^{2}y}],$ $[ \frac{1}{xy^{3}}],$ $[ \frac{1}{x^{2}y^{2}}]\in \mathcal{H}_{f}$
. , $[$ $]$ + relative $\check{C}ech$ cohomology ,
$[ \frac{1}{xy^{4}}]-\frac{1}{3}\mathrm{L}\lceil_{\frac{1}{x^{3}y}],[\frac{1}{xy^{5}}]-\frac{1}{3}[\frac{1}{x^{3}y^{2}}]}.\in \mathcal{H}_{f}$
. 7 $\mathcal{H}_{f}$ .
, $p$ ( $x$ , y)=\Sigma pi,jxiyj\in Ox, .
${\rm Res}_{O}(p(x), \eta)=0,$ $\forall\eta\in \mathcal{H}_{f}$
, $p(x, y)\in \mathrm{I}_{O}$
$P\mathrm{o},0=p_{0,1}=p_{1,0}=p_{0,2}=p_{1,1}=0$ ,
$p_{0,3}- \frac{1}{3}p_{2,0}=0,p_{0,4}-\frac{1}{3}p_{2,1}=0$ ,
. , Gr\"obner .
4





$H_{[O]}^{n}(K[x])=$ $Ext_{\mathrm{A}^{\nearrow}[x]}^{n}(K[x]/(x_{1}, x_{2}, \ldots, x_{n})^{k}, K[x])$
,
$H_{f}= \{\eta\in H_{[O]}^{n}(K[x])|\frac{\partial f}{\partial x_{1}}(x)\eta=\frac{\partial f}{\partial x_{2}}(x)\eta=\cdots=\frac{\partial f}{\partial x_{n}}(x)\eta=0\}$
.
$\text{ ^{}\backslash }\backslash =\Phi$ , $\sigma=[\frac{1}{x^{\lambda}}\urcorner$ $\in H_{[O]}^{n}(K[x])$ , $Hf\iota_{arrow}^{\mathrm{R}}\ovalbox{\tt\small REJECT}$ ,
$\Lambda_{M}=\{\lambda\in \mathbb{N}^{n}|[\frac{1}{x^{\lambda}}]\in H_{f}\}$
. , $\sigma\in H_{f}$
$\frac{\partial f}{\partial x_{i}}\sigma=0$ , $i=1,2,$ $\ldots,$ $n$
, $\frac{\partial f}{\partial x_{l}}$ , $\ldots,$ $\frac{\partial f}{\partial x_{n}}$ $x^{\kappa}$ , $x^{\kappa}\sigma=0$
, $\Lambda_{M}$ F
, 2 , $H_{f}$






$k$ , . $\sigma_{1},$ $\sigma_{2)}\ldots,$ $\sigma_{s},$ $\eta_{s+1},$ $..,$ $\eta_{k}$ .
, $s=\#\Lambda_{M}$ . $[ \frac{1}{x^{\lambda_{1}}}],$ $[ \frac{1}{x^{\lambda_{2}}}],$ $\ldots,$ $[ \frac{1}{x^{\lambda_{k}}}]$ ,




. , $N\cap\{\lambda_{1}, \lambda_{2}, \ldots, \lambda_{k}\}=\phi$ .
.




$x_{n}\eta\in E_{k}$ . , $\eta$
. , $\eta\in\ovalbox{\tt\small REJECT}$




, $I_{O}$ Gorenstein-Artin , $\det(\frac{\partial^{2}f}{\partial x_{\dot{\mathrm{t}}}\partial x_{j}})\eta\neq 0$
$\eta\in H_{f}$ , .
Gorenstein-Artin ,
, 4.1 , .
, $\frac{\partial}{\partial}x_{1}L(x),$ $\frac{\partial f}{\partial x_{2}}(x),$ $\ldots,$ $\frac{\partial f}{\partial x_{n}}(x)$ $H$; ,









, $H_{f}$ $\{\sigma_{1}, \ldots, \sigma_{s}, \eta_{s+1}, .., \eta_{\mu}\}$ .
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\pi \mathrm{e}$ – $[ \frac{1}{x^{\lambda}}]$ $\lambda\in \mathbb{N}^{n}$
, $\Lambda_{f}$ . ,
$K_{f}=\{\kappa\in \mathrm{N}^{n}|\kappa+(1,1, \ldots, 1)\in\Lambda_{f}\}$
.
42 $\kappa\in \mathbb{N}^{n}$ , $\kappa\not\in K_{f}$ . , $x^{\kappa}\in I_{O}$ .
, p(x)\in Ox, , $p(x)\in I_{O}$ , $p(x)$
$p(x)= \sum_{\alpha\in K_{f}}p_{\alpha}x^{\alpha}+\sum_{\beta\not\in K_{f}}p_{\beta}x^{\beta}$
, $\sum_{\alpha\in K_{f}}p_{\alpha}x^{\alpha}$ . , $\alpha\in\Lambda_{\mathit{1}VI}$ , $p_{\alpha}\neq 0$
, $p(x)\not\in Io$ . $\alpha\in\Lambda_{M}$
$p_{\alpha}=0$ , $p(x)\in I_{O}$









Inverse system . , , Gr\"obner duality
, ,
, , . ,
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